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We present a full-wave analytical solution for the problem of second-harmonic generation from
spherical nanoparticles. The sources of the second-harmonic radiation are represented through an
effective nonlinear polarization. The solution is derived in the framework of the Mie theory by ex-
panding the pump field, the nonlinear sources and the second-harmonic fields in series of spherical
vector wave functions. We use the proposed solution for studying the second-harmonic radiation
generated from gold nanospheres as function of the pump wavelength and the particle size, in the
framework of the Rudnick-Stern model. We demonstrate the importance of high-order multipolar
contributions to the second-harmonic radiated power. Moreover, we investigate the p- and s- compo-
nents of the SH radiation as the Rudnick-Stern parameters change, finding a strong variation. This
approach provides a rigorous methodology to understand second-order optical processes in metal
nanoparticles, and to design novel nanoplasmonic devices in the nonlinear regime.
PACS numbers: 42.65.Ky, 41.20.Jb
I. INTRODUCTION
Nonlinear phenomena in metal nanostructures are
gathering much attention due to their potential appli-
cation as novel components for integrated optics [1–5].
Moreover, second-harmonic (SH) generation from metal
nanostructures provides a powerful tool for probing phys-
ical and chemical properties of material surfaces [6, 7].
Noble metal nanoparticles support Localized Surface
Plasmons (LSPs). LSPs are collective oscillations of the
conduction electrons, that strongly affect the optical re-
sponse of the metal. When LSPs are resonantly excited,
the local electromagnetic field is significantly enhanced
in the particle, enabling nonlinear optical effects, such as
harmonic generation, at relatively low excitation powers.
Second-harmonic radiation originates from two contri-
butions: the particle bulk and the surface, respectively.
In noble metal nanoparticles, the local-bulk source is ab-
sent because of the material centrosymmetry, and only
the nonlocal-bulk contribution needs to be considered [8].
The surface contribution to SH radiation is due to the
symmetry breaking at the interface with the embedding
medium [9, 10]. The magnitudes of the nonlocal-bulk
and surface SH contributions depend on the shape of the
nanoparticle and on the optical properties of the metal
at the fundamental and second-harmonic frequencies [11–
18].
In 1999, Dadap et al. studied the SH radiation gener-
ated from the surface of a sphere with radius R much
smaller than the wavelength of the incident light λ
(2piR/λ << 1, Rayleigh limit), made of a centrosym-
metric and isotropic material [10]. They showed that
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the leading-order contributions to SH radiation arise
from the electric-dipole p(2ω) and the electric-quadrupole
↔
Q(2ω) moments, and gave the main selection rules for the
SH scattering from a sphere. In Refs. 19 and 20, the
Rayleigh limit is analyzed by taking into account both
the bulk and the surface polarization sources, showing
that the SH field is radiated by an effective electric dipole
moment p
(2ω)
eff (rˆ)
∼= p(2ω) + i k0
↔
Q(2ω)rˆ/3 (the SH mag-
netic dipole emission is forbidden because of the axial
symmetry of the system). In the Rayleigh limit, both
the nonlocal-bulk and the surface SH sources contribute
to the induced electric dipole moment, while only the
local surface sources contribute to the induced electric
quadrupole moment. The presence of distinct SH sources
with their own radiation patterns causes the SH Rayleigh
scattering process to differ significantly from the linear
Rayleigh scattering. In particular, the theory predicts
the absence of the SH signal in the forward direction and
the (2piR/λ)
6
scaling of the SH scattering cross-section.
The SH Rayleigh scattering model is inaccurate if the
particle size is comparable with the wavelength, because
the contributions of SH multipolar orders higher than 2
are not negligible. A full-wave analysis of the SH scatter-
ing from spherical particles of arbitrary size is developed
in Ref. 21, but only the surface SH source was taken into
account. Moreover, the enforced boundary conditions
are incorrect [8], resulting in zero SH radiation from the
radial component of the source. Recently, a full wave the-
ory of the SH radiation generated by a chain of parallel
infinitely long cylinders, including both the bulk and sur-
face nonlinear sources, has been developed in Ref. 4. A
full-wave theory of the SH radiation generated in three-
dimensional structures consisting of metal spheres made
of centrosymmetric materials has been proposed in Ref.
22, but here again the treatment is limited to the surface
source.
2The SH sources in metal nanoparticles can be repre-
sented by an effective nonlinear polarization induced by
the electromagnetic field at the fundamental frequency
ω. As noble metals are isotropic and centrosymmetric
materials, the bulk contribution P
(2ω)
b to the nonlinear
polarization is of the form [23]:
P
(2ω)
b =ε0 βE
(ω)∇ ·E(ω) + ε0 γ∇
(
E(ω) ·E(ω)
)
+
ε0 δ
′
(
E(ω) · ∇
)
E(ω) in Ωi ,
(1)
where β, γ and δ′ are material parameters, ε0 is the vac-
uum permittivity, E(ω) is the electric field at the funda-
mental frequency and Ωi denotes the region occupied by
the particle. Due to the homogeneity of the material we
also have ∇ ·E(ω) = 0 in Ωi, therefore the first term on
the right hand side of Eq. (1) vanishes and the expression
of P
(2ω)
b reduces to:
P
(2ω)
b = ε0 γ∇
(
E(ω) ·E(ω)
)
+ε0 δ
′
(
E(ω) · ∇
)
E(ω). (2)
The surface contribution P
(2ω)
s is of the form [8]:
P(2ω)s = ε0
↔
χ
(2ω)
s : E
(ω)E(ω)
∣∣∣
Σi
on Σ , (3)
where
↔
χ
(2ω)
s is the second-order surface nonlinear suscep-
tibility tensor of the metal, and Σ denotes the particle
boundary. The normal component of E(ω) is evaluated
on the internal page of Σ, which we have indicated with
Σi; there is no ambiguity relevant to the tangential com-
ponents of E(ω) because they are continuous across Σ.
Since the nanoparticle surface possesses isotropic sym-
metry with a mirror plane perpendicular to it, the tensor
↔
χ
(2ω)
s has only three non-vanishing and independent el-
ements, χ⊥⊥⊥, χ⊥‖‖ and χ‖⊥‖ = χ‖‖⊥, where ⊥ and ‖
refer to the orthogonal and tangential components to the
particle surface [8]. Therefore Eq. (3) reduces to:
P(2ω)s
∼= ε0 [χ⊥⊥⊥nˆnˆnˆ+ χ⊥‖‖
(
nˆtˆ1tˆ1 + nˆtˆ2tˆ2
)
+
χ‖⊥‖
(
tˆ1nˆtˆ1 + tˆ2nˆtˆ2
)]
:E(ω)E(ω) ,
(4)
where nˆ is the normal to the particle surface pointing
outward and tˆ1 ,ˆt2 are two orthonormal vectors defin-
ing the plane tangent to the particle surface, such that
(nˆ, tˆ1 ,ˆt2) is a counterclockwise triplet. It is interesting to
note that, although the the relation between P
(2ω)
s and
E(ω) is of local character, the contribution of the normal
component (P
(2ω)
s ·nˆ) to the SH radiation depends on the
surface gradient ∇S(P(2ω)s · nˆ), as shown in Appendix D.
The theoretical and experimental determination of the
parameters γ, δ′, χ⊥⊥⊥, χ⊥‖‖ and χ⊥‖⊥ has been a long-
standing problem in Nonlinear Optics, and it is still an
open issue [24–27]. The source of the nonlinearity in
metals results from the response of both bound and free
electrons. In particular, for the visible/near-IR part of
the light spectrum, the nonlinear response of thick metal
particles may be attributed mostly to the free electrons
[14, 15, 23, 24]. They behave as an isotropic electron
gas with effective mass meff , relaxation time τ (due to
the collisions with the ion lattice) and a quantum pres-
sure. The electron gas dynamics are governed by the Eu-
ler’s equation. This is the so-called hydrodynamic model.
Within it, the bulk contribution to the nonlinear po-
larization arises from both the convective term and the
Lorentz’s force term, while the surface contributions are
strictly related to the response of the electrons within
the Thomas-Fermi screening length (λTF ≈ 1A˚ for gold)
from the surface [24, 28]. Since in our case ωτ >> 1, the
hydrodynamic model gives the following expressions for
the bulk parameters γ and δ′ [26, 29]:
γ = −1
8
χb (ω)
ω2p
ω2
ε0
en0
(5a)
δ′ ∼= i 2γ
ωτ
(5b)
where χb(ω) = εi(ω)/ε0−1 is the linear bulk permittivity
of the metal, n0 is the equilibrium number density of the
free electrons, ωp =
√
n0e2/meffε0 is the free electron
plasma frequency and −e is the electron charge. In the
same limit ωτ >> 1, the hydrodynamic model also gives
the following estimation for the surface parameters χ⊥⊥⊥
and χ‖⊥‖ [24, 25]:
χ⊥⊥⊥ = −1
4
χb (ω)
ω2p
ω2
ε0
en0
, (6a)
χ‖⊥‖ =
1
2
χb (ω)
ω2p
ω2
ε0
en0
, (6b)
Furthermore, the contribution of the term χ⊥‖‖ is negli-
gible [24, 26, 27, 30].
Alternatively, the parameters of the SH sources may
be identified experimentally. This would allow to ac-
count for phenomena that are disregarded in the hy-
drodynamic model, as the interband transitions. Nev-
ertheless, an identification procedure of the parameters
γ, δ′, χ⊥⊥⊥, χ⊥‖‖ and χ‖⊥‖ through measurements of the
SH radiation has an intrinsic limit. In fact, the parame-
ter γ cannot be separated from the surface terms χ⊥⊥⊥
and χ⊥‖‖, through measurements of the SH field outside
the metal. An equivalent surface nonlinear polarization
with surface susceptibility χeff
[
nˆnˆnˆ+ nˆ(tˆ1tˆ1 + tˆ2tˆ2)
]
,
where χeff = γ(ω)ε0/εi(2ω), generates outside the metal
the same electromagnetic field generated by the γ term.
For this reason the contribution of the γ term is called
surface-like bulk term [26]. This is an ancient problem in
Nonlinear Optics. Sipe et al. pointed out this ambiguity
for the first time by analyzing the SH radiation gener-
ated by a planar slab [25]. Moreover, they inferred that
this property holds true for any material and shape. In
this paper we also provide a very simple demonstration
of this general property. On the contrary, Wang et al.
3unambiguously determined the δ′ bulk term in the SH ra-
diation generated from a gold film, by using a two-beam
SH generation measurement technique [26]. However, the
Authors conclude ”. . . that the surface-like contributions
dominate and that the pure bulk component makes only
a minor contribution” to the SH radiation generated from
a planar slab. Since the contribution of the δ′ term de-
pends on the spatial derivatives of E(ω), its magnitude
may be significant when E(ω) is rapidly varying in the
bulk of the metal [26]. The importance of the δ′ contri-
bution to the SH radiation from non-planar geometries
is still an open problem.
In this paper, we propose a full-wave analytical solu-
tion for the SH scattering from nanospheres of arbitrary
size. We use this solution to investigate the SH radia-
tion generated by a gold metal nanosphere as function of
the polarization, the pump wavelength and the particle
size. We rigorously investigate the multipolar nature of
the SH generation and the contributions of the different
sources of second-order nonlinearity. Following Ref. 27,
we adopt the Rudnick-Stern model to represent the SH
sources of the gold nanosphere [30]. In this model the
contribution arising from the δ′ term is considered negli-
gible. This approximation is valid if the field at the fun-
damental frequency inside the nanoparticle is not rapidly
varying, i.e. the intensities of high-order multipoles are
negligible. We compare the results obtained by using, as
Rudnick-Stern parameters, the Sipe’s model values (Ref.
24) and the values identified experimentally in Ref. 27.
As the Rudnick-Stern parameters vary, we find strong
changes of the SH p- and s-components.
The present work is organized as follows. In Section
II, the electromagnetic formulation of SH scattering by
a metal nanosphere is presented, and the analytical so-
lution for the fields is defined, both at the pump and
at the SH frequencies. In Section III, the SH scattering
from gold nanospheres with increasing size is studied, as
function of the wavelength and polarization of the pump
field. In Section IV, the conclusions are outlined. This
manuscript is completed by six Appendices, where de-
tailed formulas for the analytical calculation of all the
quantities of interest are provided.
II. PROBLEM STATEMENT AND SOLUTION
A. Problem statement
Let us consider the electromagnetic field at frequency
2ω generated from a metal sphere of radius R, when illu-
minated by a time-harmonic electromagnetic plane-wave
at frequency ω incoming from infinity. We use a spher-
ical coordinate system (O, r, θ, φ) with the origin O in
the center of the sphere, as in Fig. 1(a); we denote with(
rˆ, θˆ, φˆ
)
the unit vectors of the spherical coordinate sys-
tem. The domain of the electromagnetic field is the en-
tire space R3, divided into the interior part of the metal
FIG. 1. (a) Scheme of the spherical particle and coordinate
system (O, r, θ, φ). (b) Elementary closed curve ∆l across the
selvedge region at the particle boundary.
domain Ω˙i, the embedding medium Ω˙e and the metal sur-
face Σ. The surface Σ is oriented in such a way that its
normal nˆ points outward, nˆ = rˆ |Σ . We use the conven-
tion a (r, t) = Re
{
A(Ω) (r) exp (iΩt)
}
for representing a
time harmonic electromagnetic field at angular frequency
Ω, where r = rrˆ.
The second-harmonic generation problem involves two
electromagnetic fields oscillating at different frequencies:
the electromagnetic field
(
E(ω),H(ω)
)
at fundamental
frequency ω and the second-harmonic electromagnetic
field
(
E(2ω),H(2ω)
)
at frequency 2ω. We denote with(
E
(ω)
0 ,H
(ω)
0
)
the incident (pump) electromagnetic field:
E
(ω)
0 = E0εˆ0e
−ik
(ω)
0 ·r
H
(ω)
0 =
E0
ζe
(
kˆ0 × εˆ0
)
e−ik
(ω)
0 ·r ,
(7)
where E0 is the electric field amplitude of the linearly-
polarized pump beam, εˆ0 is its polarization direction,
kˆ0 is its propagation direction, k
(ω)
0 = kˆ0ke(ω), ke(ω) =
ω
√
µeεe and ζe =
√
µe/εe. The parameters εe and µe are
the permittivity and the permeability of the embedding
medium.
Since the intensities of the SH fields generated by noble
metals are always orders of magnitude weaker than the
intensities of the pump fields, the SH fields do not signifi-
cantly couple back to the fundamental fields (undepleted-
pump approximation). As a result, the electromagnetic
scattering problems at the fundamental frequency and
at the SH frequency are both linear. The linear electro-
magnetic response of the metal is characterized, in the
frequency domain, by the permittivity εi, which depends
on the frequency, and by the permeability µi, that we
assume independent of the frequency.
In order to calculate the SH radiation generated by the
metal sphere, we have to evaluate:
1. the electric field E(ω) in Ω˙i and on the inner page
of Σ (that we have denoted with Σi), induced by
4the pump electromagnetic field
(
E
(ω)
0 ,H
(ω)
0
)
;
2. the SH nonlinear polarization sources generated by
E(ω);
3. the electromagnetic fields
(
E(2ω),H(2ω)
)
radiated
by the SH nonlinear polarization fields.
Both problems 1) and 3) are solved by expressing the un-
known fields in terms of Spherical Vector Wave Functions
(SVWFs), defined in Section II B.
B. Electromagnetic fields at pump frequency
The electromagnetic field at the fundamental fre-
quency is the solution of the Maxwell’s equations:
{
∇×E(ω)i = −iωµiH(ω)i
∇×H(ω)i = +iωεi (ω)E(ω)i
in Ωi , (8a)


n×
(
E
(ω)
i −E(ω)sc
)
= n×E(ω)0
n×
(
H
(ω)
i −H(ω)sc
)
= n×H(ω)0
on Σ , (8b)
{
∇×E(ω)sc = −iωµeH(ω)sc
∇×H(ω)sc = +iωεeE(ω)sc
in Ωe , (8c)
where
(
E
(ω)
i ,H
(ω)
i
)
denote the fields in Ω˙i and(
E
(ω)
sc ,H
(ω)
sc
)
denote the scattered fields in Ω˙e, namely
E
(ω)
sc = E
(ω)
e − E(ω)0 and H(ω)sc = H(ω)e − H(ω)0 . Equa-
tions (8) have to be solved with the radiation condition
at infinity for the scattered fields. Due to the symmetry
of the problem, the general solution of the source-free
Maxwell’s equations is expressed in each homogeneous
region through the SVWFs M
(J)
mn and N
(J)
mn [31, 32]:
M(J)mn (kr, θ, φ) = z
(J)
n (kr)Xmn (θ, φ) , (9a)
N(J)mn (kr, θ, φ) =
1
k
∇×M(J)mn, (9b)
where z
(J)
n = z
(J)
n (kr) is one of the four kinds of the
spherical Bessel functions, namely Bessel function of the
first kind jn = jn (kr), or Bessel function of the sec-
ond kind yn = yn (kr), or Bessel function of the third
kind (spherical Hankel functions of the first and sec-
ond kind), h
(1)
n = h
(1)
n (kr) and h
(2)
n = h
(2)
n (kr), which
we denote, respectively, with the apices J = 1, 2, 3, 4.
Xmn = Xmn (θ, φ) is a vector spherical harmonic (Ap-
pendix A). Both the SVWFs and the vector spherical
harmonics are indexed by the order m and the degree n.
The incident plane-wave
(
E
(ω)
0 ,H
(ω)
0
)
is decomposed
in Eq. (10a) through the regular SVWFs, non-singular
in the center of the sphere (J = 1), where E0 is the
amplitude of E
(ω)
0 , and the coefficients
{
p
(ω)
mn, q
(ω)
mn
}
are
given in Appendix B for a linearly polarized state along
the x−axis. Also the unknown fields
(
E
(ω)
i ,H
(ω)
i
)
in
Ωi (0 ≤ r < R), are decomposed through the regu-
lar SVWFs in Eq. (10b), where ζi (ω) =
√
µi/εi (ω),
ki (ω) = ω
√
εi (ω)µi. The unknown scattered fields(
E
(ω)
sc ,H
(ω)
sc
)
in Ω˙e ( for R < r) are instead decomposed
in Eq. (10c) through the radiative SVWFs, satisfying the
radiation condition at infinity (J = 3).
E
(ω)
0 (r, θ, φ) = −E0
∞∑
n=1
n∑
m=−n
{
q(ω)mnM
(1)
mn [ke (ω) r, θ, φ] + p
(ω)
mnN
(1)
mn [ke (ω) r, θ, φ]
}
H
(ω)
0 (r, θ, φ) =
E0
iζe
∞∑
n=1
n∑
m=−n
{
p(ω)mnM
(1)
mn [ke (ω) r, θ, φ] + q
(ω)
mnN
(1)
mn [ke (ω) r, θ, φ]
}
,
(10a)
E
(ω)
i (r, θ, φ) = −E0
∞∑
n=1
n∑
m=−n
{
c(ω)mnM
(1)
mn [ki (ω) r, θ, φ] + d
(ω)
mnN
(1)
mn [ki (ω) r, θ, φ]
}
H
(ω)
i (r, θ, φ) =
E0
iζi (ω)
∞∑
n=1
n∑
m=−n
{
d(ω)mnM
(1)
mn [ki (ω) r, θ, φ] + c
(ω)
mnN
(1)
mn [ki (ω) r, θ, φ]
}
,
(10b)
E(ω)sc (r, θ, φ) = E0
∞∑
n=1
n∑
m=−n
{
b(ω)mnM
(3)
mn [ke (ω) r, θ, φ] + a
(ω)
mnN
(3)
mn [ke (ω) r, θ, φ]
}
H(ω)sc (r, θ, φ) = −
E0
iζe
∞∑
n=1
n∑
m=−n
{
a(ω)mnM
(1)
mn [ke (ω) r, θ, φ] + b
(ω)
mnN
(1)
mn [ke (ω) r, θ, φ]
}
.
(10c)
5The decomposition (10c) of
(
E
(ω)
sc ,H
(ω)
sc
)
satisfies Eq.
(8c), and the decomposition (10b) of
(
E
(ω)
i ,H
(ω)
i
)
sat-
isfies Eq. (8a). The unknown coefficients
{
a
(ω)
mn, b
(ω)
mn
}
and
{
c
(ω)
mn, d
(ω)
mn
}
are determined by requiring that the
decompositions (10b,10c) also satisfy the boundary con-
ditions (8b). The analytical expressions of
{
a
(ω)
mn, b
(ω)
mn
}
and
{
c
(ω)
mn, d
(ω)
mn
}
as functions of
{
p
(ω)
mn, q
(ω)
mn
}
are given in
Appendix C.
C. Electromagnetic fields at second-harmonic
The SH electromagnetic field satisfies the Maxwell’s
equations:{
∇×E(2ω)i = −2iωµiH(2ω)i
∇×H(2ω)i = 2iωεi (2ω)E(2ω)i + J(2ω)b
in Ωˆi,
(11a)

nˆ×
(
H
(2ω)
i −H(2ω)e
)
= −j(2ω)elet
nˆ×
(
E
(2ω)
i −E(2ω)e
)
= j
(2ω)
mag
on Σ , (11b)
{
∇×E(2ω)e = −2iωµeH(2ω)e
∇×H(2ω)e = 2iωεeE(2ω)e
in Ωˆe , (11c)
where
J
(2ω)
b = 2iωP
(2ω)
b , (12a)
j
(2ω)
elet = −2iωnˆ×
(
nˆ×P(2ω)s
)
, (12b)
j(2ω)mag=
1
ε′
nˆ×∇s
(
nˆ ·P(2ω)s
)
, (12c)
the operator ∇s denotes the surface gradient,(
E
(2ω)
i ,H
(2ω)
i
)
denote the SH fields in Ω˙i,
(
E
(2ω)
e ,H
(2ω)
e
)
denote the SH fields in Ω˙e and ε
′ is the selvedge region
permittivity [24], which we assumed equal to ε0. The
sources of the SH radiation, therefore, are of three types.
The volume current density field J
(2ω)
b given by Eq.
(12a), takes into account the contribution of the SH
bulk nonlinear polarization. The surface electric current
density j
(2ω)
elet given by Eq. (12b), takes into account
the contribution of the SH tangent surface nonlinear
polarization. The surface magnetic current density j
(2ω)
mag
given by (12c), takes into account the contribution of the
SH normal surface nonlinear polarization (see Appendix
D). The systems of Eq. (11a) have to be solved with the
radiation condition at infinity for
(
E
(2ω)
e ,H
(2ω)
e
)
.
The SH field equations are formally the same of the
fundamental field equations except for the bulk source
term J
(2ω)
b in the Maxwell-Ampere equation and the sub-
stitutions ω → 2ω. Consequently, the problem is reduced
to that already solved for the fundamental fields, by ex-
pressing the electromagnetic field inside the nanoparticle
(Ωi) as: {
E
(2ω)
i = E
(2ω)
hom + E
(2ω)
par
H
(2ω)
i = H
(2ω)
hom +H
(2ω)
par
, (13)
where
(
E
(2ω)
hom,H
(2ω)
hom
)
is the general solution of Eq. (11a)
in absence of the source term, and
(
E
(2ω)
par ,H
(2ω)
par
)
is
a particular solution of the complete system of Eq.
(11a). The contribution
(
E
(2ω)
hom,H
(2ω)
hom
)
will be repre-
sented as the electromagnetic field at the fundamental
frequency. The particular solution
(
E
(2ω)
par ,H
(2ω)
par
)
con-
tains two contributions, one takes into account the γ
term
(
E
(2ω)
γ ,H
(2ω)
γ
)
and the other takes into account
the δ′ term
(
E
(2ω)
δ′ ,H
(2ω)
δ′
)
. The term
(
E
(2ω)
γ ,H
(2ω)
γ
)
is
given by the simple expression [20]:{
E
(2ω)
γ = − ε0εi(2ω)γ∇
(
E(ω) · E(ω))
H
(2ω)
γ = 0
(14)
Instead, the term
(
E
(2ω)
δ′ ,H
(2ω)
δ′
)
can be evaluated by
using the Green’s function for a medium with electric
permittivity εi and magnetic permeability µi:

E
(2ω)
δ′ = −iωµ0
∫∫∫
Ωi
J
(2ω)
δ′ (r
′)g
(2ω)
i (r − r′)dV ′
− 1
εi(2ω)
∇
[∫∫∫
Ωi
ρ
(2ω)
δ′ (r
′)g
(2ω)
i (r − r′)dV ′
+
∫∫
Σi
η
(2ω)
δ′ (r
′)g
(2ω)
i (r − r′)dS′
]
H
(2ω)
δ′ = ∇×
∫∫∫
Ωi
J
(2ω)
δ′ (r
′)g
(2ω)
i (r − r′)dV ′
(15)
where the volumetric current density J
(2ω)
δ′ , the volumet-
ric charge density ρ
(2ω)
δ′ and the surface charge density
η
(2ω)
δ′ are given by:
J
(2ω)
δ′ = i2ω[ε0δ
′(E
(ω)
i · ∇)E(ω)i ]
ρ
(2ω)
δ′ = −∇ · [ε0δ′(E(ω)i · ∇)E(ω)i ]
η
(2ω)
δ′ = nˆ · [ε0δ′(E(ω)i · ∇)E(ω)i ]
(16)
and g
(2ω)
i (r − r′) = e
−iki(2ω)|r−r
′ |
4pi|r−r′| is the homogeneous
space Green’s function inside the particle. Therefore, the
fields
(
E
(2ω)
hom,H
(2ω)
hom
)
and
(
E
(2ω)
e ,H
(2ω)
e
)
are solutions of
the homogeneous Maxwell’s equations at frequency 2ω
and have to satisfy on Σ the boundary equations:

rˆ×
(
H
(2ω)
hom −H(2ω)e
)
= −j(2ω)elet − rˆ×H(2ω)δ′
rˆ×
(
E
(2ω)
hom −E(2ω)e
)
= (j
(2ω)
mag − rˆ×E(2ω)γ )− rˆ×E(2ω)δ′
(17)
6By combining Equations (12c), (14) and (17), it re-
sults that the contribution of the term γ to the
SH electromagnetic field at the external of the par-
ticle may be described by the equivalent surface
sources χeff
[
nˆnˆnˆ+ nˆ(tˆ1tˆ1 + tˆ2tˆ2)
]
, where χeff =
γ(ω)ε0/εi(2ω).
The unknown fields
(
E
(2ω)
hom,H
(2ω)
hom
)
and(
E
(2ω)
e ,H
(2ω)
e
)
are represented as:
E
(2ω)
hom (r, θ, φ) = −E(2ω)c
∞∑
n=1
n∑
m=−n
{
c(2ω)mn M
(1)
mn [ki (2ω) r, θ, φ] + d
(2ω)
mn N
(1)
mn [ki (2ω) r, θ, φ]
}
H
(2ω)
hom (r, θ, φ) =
E
(2ω)
c
iζi (2ω)
∞∑
n=1
n∑
m=−n
{
d(2ω)mn M
(1)
mn [ki (2ω) r, θ, φ] + c
(2ω)
mn N
(1)
mn [ki (2ω) r, θ, φ]
} for r < R, and (18a)
E(2ω)e (r, θ, φ) = E
(2ω)
c
∞∑
n=1
n∑
m=−n
{
b(2ω)mn M
(3)
mn [ke (2ω) r, θ, φ] + a
(2ω)
mn N
(3)
mn [ke (2ω) r, θ, φ]
}
H(2ω)e (r, θ, φ) = −
E
(2ω)
c
iζe
∞∑
n=1
n∑
m=−n
{
a(2ω)mn M
(1)
mn [ke (2ω) r, θ, φ] + b
(2ω)
mn N
(1)
mn [ke (2ω) r, θ, φ]
} for r > R, (18b)
where E
(2ω)
c = E0
2/Eb is a characteristic electric field
expressing the order of magnitude of the SH electric field
in the nanoparticle, and Eb = ωc0meff/(χb(ω)e). Both
the expressions of
(
E
(2ω)
hom,H
(2ω)
hom
)
and
(
E
(2ω)
e ,H
(2ω)
e
)
satisfy the homogeneous Maxwell’s equations at fre-
quency 2ω. The unknown coefficients
{
a
(2ω)
mn , b
(2ω)
mn
}
and
{
c
(2ω)
mn , d
(2ω)
mn
}
are evaluated by imposing the boundary
equations (17).
When the contribution of the δ′ term is negligible,
the right-hand sides of Eq. (17) are given, in terms of
SVWFs, by:
−j(2ω)elet (θ, φ) =
E
(2ω)
c
iζe
∞∑
n=1
n∑
m=−n
[
v′
(2ω)
mn Xmn (θ, φ) + u
′(2ω)
mn rˆ×Xmn (θ, φ)
]
,
j(2ω)mag (θ, φ)− rˆ× E(2ω)part (r = R, θ, φ) = −E(2ω)c
∞∑
n=1
n∑
m=−n
[
u′′
(2ω)
mn rˆ× [ˆr×Xmn (θ, φ)]
]
,
(19)
where the coefficients
{
u′
(2ω)
mn , v
′(2ω)
mn
}
and
{
u′′
(2ω)
mn , v
′′(2ω)
mn
}
are evaluated in Appendix F. The formulas of the unknown
coefficients
{
a
(2ω)
mn , b
(2ω)
mn
}
and
{
c
(2ω)
mn , d
(2ω)
mn
}
are given in Appendix E.
III. DISCUSSION: GOLD NANOSPHERE
In the present Section, by using the analytical solu-
tion derived in the previous one, we analyze the SH
generation from an isolated gold nanosphere in vacuum,
as the radius, the pump wavelength and polarization
vary. Specifically, we study the SH radiation generated at
pump wavelengths of λ = 780 nm (Ti:sapphire laser) and
λ = 520 nm (gold plasmon resonance). Particular care
has been devoted to the comparison with the existing the-
ories in the Rayleigh regime. In order to model the bulk
linear susceptibility of gold, we interpolated Johnson and
Christy’s experimental data [33]. In order to adequately
represent the electromagnetic fields at the fundamental
and the second-harmonic frequencies, it has been suffi-
cient to consider the degree n up to 10, for the cases
of our interest. Only the first 3 and the first 6 multi-
poles have significant amplitude at the fundamental and
the second-harmonic frequencies, respectively. Following
Ref. 27, we express χ⊥⊥⊥, χ‖⊥‖ and γ in terms of the
7FIG. 2. SH scattering geometry. The pump electromagnetic
field propagates along the positive direction of the z−axis
and is linearly polarized along εˆ0. The SH scattered field
is observed along the direction Kˆ = xˆ (the scattering plane
is xOz). The z− and y− components of the SH field are
considered, respectively parallel (‖) and orthogonal (⊥) with
respect to the scattering plane.
Rudnick-Stern (R-S) parameters (a, b, d) [24, 30]:
χ⊥⊥⊥ = −a
4
χb (ω)
ω2p
ω2
ε0
en0
, (20a)
χ‖⊥‖ = −
b
2
χb (ω)
ω2p
ω2
ε0
en0
, (20b)
γ = −d
8
χb (ω)
ω2p
ω2
ε0
en0
, (20c)
where χb is the bulk linear susceptibility of the metal.
By choosing (a = 1, b = −1, d = 1), we obtain the Sipe’s
hydrodynamic model [24]. By measuring the SH gener-
ated by gold spherical nanoparticles with R = 150 nm at
λ = 800 nm, Bachelier et al. have found that an optimal
choice for the phenomenological parameters a, b and d
should be (a = 0.5− i0.25, b = 0.1, d = 1) [27]. We dis-
cuss the solutions obtained by using both sets of values.
The pump electromagnetic field is a plane-wave prop-
agating along the positive direction of the z−axis, and
linearly polarized in the xy plane, with a polarization di-
rection εˆ0. We indicate with α the angle between the unit
vector εˆ0 and x−axis (the reference versus is counter-
clockwise, seen from the half-space z > 0), as shown in
Fig. 2.
In order to characterize the SH radiation, we consider
both the SH power per unit solid angle and the SH scat-
tering cross-section. The SH power per unit solid angle
dP
(2ω)
εˆ∗
(
Kˆ
)
/dΩ, radiated in the farfield along the direc-
tion Kˆ and collected by an analyzer with polarization
state εˆ∗ is defined as:
dP
(2ω)
εˆ∗
(
Kˆ
)
dΩ
= lim
r→∞
[
r2
2ζe
∣∣∣εˆ∗ · E(2ω)e (Kˆ)∣∣∣2
]
. (21)
The SH scattering cross-section C
(2ω)
sca is given by:
C(2ω)sca = lim
ρ→∞
∫
Σρ
∣∣∣E(2ω)e ∣∣∣2 · nˆ dΣ∣∣∣E(ω)0 ∣∣∣2
, (22)
where Σρ is a spherical surface with radius ρ, centered
at the origin of the coordinate system. dP
(2ω)
εˆ∗
(
Kˆ
)
/dΩ
depends on the collection direction Kˆ of the scattered SH
light. C
(2ω)
sca has the physical dimensions of an area, and
it is proportional to the SH generation efficiency.
In order to analyze the SH radiation polarization state,
the analyzer can be polarized either parallel (‖) or per-
pendicular (⊥) to the SH scattering plane, defined by
the propagation direction kˆ0 of the pump wave, and the
collection direction Kˆ. We denote with dP
(2ω)
‖ /dΩ and
dP
(2ω)
⊥ /dΩ the radiated powers per unit solid angle asso-
ciated to the ‖ and ⊥ components. The analysis of the
polarization state of SH radiation collected at right an-
gle from the pump beam, i.e. Kˆ = xˆ, is very important
because it allows to discriminate the radiation generated
by even and odd SH multipole sources. Indeed, only
the SH N
(3)
mn multipoles with odd n contribute to the ‖
component and only the SH N
(3)
mn multipoles with even
n contribute to the ⊥ component. These behaviors are
reversed for the SH M
(3)
mn multipoles.
A. SH source currents: Rayleigh and Mie regimes
Here we analyze the SH radiation generated from the
single nonlinear sources, acting as if they were radiating
independently. Fig. 3 shows the magnitude of each SH
source current density, namely J
(2ω)
b , j
(2ω)
elet , j
(2ω)
mag, nor-
malized to their own maxima, and computed for the
two pump wavelengths λ = 520 nm and λ = 780 nm,
corresponding to resonance and off-resonance conditions,
respectively. Two nanoparticle radii have been consid-
ered, namely a particle with small size (R = 10 nm) and
a particle comparable in size to the pump wavelength
(R = 150 nm). The pump field is linearly polarized
along the x−axis (α = 0). In particular, the first col-
umn (panels a-d) shows the magnitude of the electric
current density J
(2ω)
b in the xOz plane, while the second
and third columns (panels e-h,i-l), show the magnitude
of the surface electric j
(2ω)
elet and magnetic j
(2ω)
mag current
densities, respectively.
For small particles, J
(2ω)
b is significant across the en-
tire particle volume (panel a, b). In particular, while for
λ = 520 nm (panel a) J
(2ω)
b decreases along the direction
of forward scattering, for λ = 780 nm it is almost uni-
form. For particles with larger size (panels c,d), the skin
effect appears, i.e. the current J
(2ω)
b is strongly confined
near the particle surface. The intensity distribution of
8FIG. 3. SH source current distribution excited by a pump field
linearly polarized along x. The nanosphere size is R = 10 nm
(first and second row)and R = 150 nm (third and fourth row),
the pump wavelength is λ = 520 nm (first and third rows) and
λ = 780 nm (second and fourth rows). Panels (a,b,c,d) are
relative to the bulk current density cut in the xOz plane, pan-
els (e,f,g,h) are relative to the surface electric current density
and panels (i,j,k,l) are relative to the surface magnetic current
density. Each panel shows the current magnitude normalized
to its own maximum.
both j
(2ω)
elet and j
(2ω)
mag (e,f,i,j) is symmetric around the po-
larization direction of the pump field for small particles.
As the radius increases, this holds no longer true due to
the onset of higher order multipoles (panels g,h,k,l). It
is worth noting that the surface electric current density
j
(2ω)
elet vanishes on a circle lying in the yOz plane, for any
particle size and pump wavelength, as shown in panels (e-
h), due to the rotational symmetry of the particle. Simi-
larly, the surface magnetic current density j
(2ω)
mag displays
a circle with a constant magnitude for every particle size,
as shown in panels (i-l).
In Fig. 4 the SH power per unit solid angle collected
at right angle from the pump direction is shown for
a nanosphere with R = 10 nm. Panels (a), (b) and
(c) are relevant to the SH radiation generated by the
bulk, surface electric and surface magnetic SH source cur-
rents, respectively, as if they acted separately. The blue
and red lines correspond respectively to dP
(2ω)
‖ /dΩ and
dP
(2ω)
⊥ /dΩ , and for each panel both the components are
normalized to the maximum of the most intense.
These results agree with those obtained analyzing the
SH radiation from a metal nanosphere in the Rayleigh
limit [10, 20]. In this regime, the SH radiation coin-
cides with the electromagnetic field radiated by a ficti-
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FIG. 4. SH power per unit solid angle collected at right an-
gle from the pump beam (Fig. 2) as function of the pump
polarization angle α, for a nanosphere with R = 10 nm. The
pump wavelength is 780 nm. The blue line corresponds to
the ‖ component and the red line to the ⊥ component with
respect to the scattering plane. All the graphs are normalized
to the maximum of the most intense component. Panel (a) is
relative to the bulk current, panel (b) to the surface electric
current, panel (c) to the the surface magnetic current, as if
they acted separately.
tious electric dipole with effective moment p
(2ω)
eff (rˆ)
∼=
p(2ω)+ i k0
↔
Q(2ω)rˆ/3, where p(2ω) is the induced SH elec-
tric dipole moment (n = 1) and
↔
Q(2ω) is the induced
SH electric quadrupole moment (n = 2). Depending on
the component of the SH intensity, two different shapes
of the polarization diagrams arise. For each SH source,
dP
(2ω)
‖ /dΩ is due to a SH dipolar electric mode aligned
along the propagation direction of the pump [10, 20],
therefore its value is independent of the polarization an-
gle of the pump. On the other hand, the four lobe pattern
observed for dP
(2ω)
⊥ /dΩ is due to a SH quadrupolar mode.
Furthermore, dP
(2ω)
⊥ /dΩ is negligible for both J
(2ω)
b and
j
(2ω)
elet , while it is comparable with dP
(2ω)
‖ /dΩ for j
(2ω)
mag.
For larger particles, higher order SH multipoles arise due
to larger retardation effects, significantly modifying the
SH radiation characteristics, as we shall see in the next
Section.
B. SH scattering cross-section
In this Section, we study the SH scattering cross-
section C
(2ω)
sca for a gold nanosphere, using as R-S param-
eters the values (a = 1, b = −1, d = 1). All the results are
relative to the case of a pump plane-wave with electric
field of unitary magnitude, i.e. |E0| = 1 Vm−1 . Figure
5 shows C
(2ω)
sca as function of the pump wavelength (black
lines), for four particle sizes. For all the investigated
sizes, C
(2ω)
sca shows a maximum at λ ≈ 520 nm, when the
pump wavelength matches the plasmonic resonance of
the particle. Another local maximum is also observed at
λ ≈ 1040 nm. At this wavelength the SH fields resonate
in the gold nanosphere. The relative intensity of C
(2ω)
sca at
λ ≈ 1040 nm increases as the particle size increases. A
third local maximum can be observed at λ ≈ 700 nm, for
certain particle sizes (e.g. R = 100 nm andR = 200 nm).
Similar trends, not shown here, have been found with the
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FIG. 5. SH scattering cross-section (black line) as function of
the pump wavelength for nanospheres with R = 10 nm (a),
R = 100 nm (b), R = 150 nm (c), R = 200 nm (d), with
(a = 1, b = −1, d = 1). The contribution of each multipolar
order to the total radiation cross-section is shown up to the
6th: n = 1 (green), n = 2 (blue), n = 3 (violet), n = 4 (cyan),
n = 5 (red), n = 6 (yellow).
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FIG. 6. SH scattering cross-section as function of the
nanosphere radius R at pump wavelengths λ = 520 nm (red),
λ = 780 nm (green), λ = 1040 nm (blue), obtained with
(a = 1, b = −1, d = 1).
set of values (a = 0.5− i0.25, b = 0.1, d = 1) for the R-S
parameters.
In order to unveil the multipolar origin of the SH ra-
diation in the Rudnick-Stern model, the contributions of
each multipole are shown, up to the 6th order. For R =
10 nm (panel a), C
(2ω)
sca is mostly due to the SH dipolar
source, and only for short wavelengths the SH quadrupo-
lar source begins to be significant. As we increase the
radiusR to 100 nm (panel b), we can identify three differ-
ent regimes: for short wavelengths λ < 550 nm, C
(2ω)
sca is
dominated by the octupolar source, the quadrupolar one
prevails in the range 550 nm < λ < 950 nm, while the
dipolar source is the most intense for large wavelengths.
For a particle with R = 150 nm (panel c), the dipolar
source is negligible regardless of the pump wavelength,
and the main contributions to C
(2ω)
sca arise from the mul-
tipoles with n = 2, 3, 4. Similarly, the main contributions
for a particle with R = 200 nm arise from n = 2, 3, 4 for
large wavelength, and from the multipoles n = 5, 6 for
short wavelengths.
Figure 6 shows the SH scattering cross-section as func-
tion of the nanoparticle radius, for three values of the
pump wavelength (λ = 520 nm, 780 nm, 1040 nm). The
SH scattering cross-section increases more than 4 or-
ders of magnitude when the particle size increases up
to R = 100 nm. For larger radii, the SH scattering cross-
section saturates and a small modulation takes place.
For small particle size, the highest cross-section is shown
when the particle is in plasmonic resonance (i.e., red
curve). For larger particle size, the magnitude of C
(2ω)
sca
is comparable for all the investigated pump wavelengths.
Also in this case, similar trends have been found using the
set of R-S parameters (a = 0.5− i0.25, b = 0.1, d = 1).
C. SH power dependence on the pump polarization
The SH power radiated at right angle from the prop-
agation direction of the pump allows for the recognition
of even- and odd-order multipolar contributions to the
SH generation process, as already pointed out. Fig-
ure 7 shows dP
(2ω)
‖ /dΩ and dP
(2ω)
⊥ /dΩ as function of
the polarization angle α of the pump, for two different
choices of R-S parameters. The first row (a-d) is rel-
ative to the R-S parameter set (a = 1, b = −1, d = 1),
while the second row (e-h) is relative to the set
(a = 0.5− i0.25, b = 0.1, d = 1). Four different values of
particle size are presented: R = 10 nm (a,e), R = 100 nm
(b,f), R = 150 nm (c,g), R = 200 nm (d,h). Both
dP
(2ω)
‖ /dΩ and dP
(2ω)
⊥ /dΩ are normalized to the max-
imum of the most intense component. For small (a,e)
and very large (d,h) radii, dP
(2ω)
‖ /dΩ prevails over the
dP
(2ω)
⊥ /dΩ for both sets of the R-S parameters. For in-
termediate sizes (b,c,f,g), dP
(2ω)
‖ /dΩ and dP
(2ω)
⊥ /dΩ are
comparable, and their relative intensities strongly depend
on the particular choice of the R-S parameters. For small
particles, dP
(2ω)
‖ /dΩ is independent of the polarization
angle α (panels a,e), while up to 4 lobes can appear for
larger particles, as it will be shown more in detail in Fig.
8. The graphs of the component dP
(2ω)
⊥ /dΩ feature four
lobes oriented along the bisectors of the 4 quadrants, in
each of the investigated case.
The appearance of an octupolar SH source significantly
modifies the shape of dP
(2ω)
‖ /dΩ. In the Rayleigh limit
the ‖ component generated by the SH dipolar source
fully prevails over the ⊥ component generated by the
SH quadrupolar source. As the radius increases, the in-
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FIG. 7. SH power per unit solid angle collected at right
angle from the pump beam (Fig. 2) as function of the
pump polarization angle α, for nanosphere with R = 10 nm
(a,e), R = 100 nm (b,f), R = 150 nm (c,g), R = 200 nm
(d,h), obtained by using (a-d) (a = 1, b = −1, d = 1) and (e-
h) (a = 0.5− i0.25, b = 0.1, d = 1). The pump wavelength is
λ = 780 nm. The blue line corresponds to the ‖ component
and the red line to the ⊥ component with respect to the scat-
tering plane. All the graphs are normalized to the maximum
of the most intense component.
tensity of the SH octupolar source increases due to the
retardation effects, as pointed out in the previous Sec-
tion. Due to the interference in the far field of the SH
dipolar and octupolar fields, the dP
(2ω)
‖ /dΩ reduces sig-
nificantly until it becomes smaller than dP
(2ω)
⊥ /dΩ (b,c).
As the radius further increases, the SH octupolar source
prevails over the SH dipolar source, and the shape of
dP
(2ω)
‖ /dΩ gets close to that of an octupole (d,e).
The details of the transition from the dipole to the oc-
tupole pattern as the radius increases are shown in Fig.
8. First, the circular shape of dP
(2ω)
‖ /dΩ is shrunk along
the directions α = 0◦, 180◦, until the amplitude reaches
a null (green and red curves). Then, two lobes arise along
these directions (black curve), forming a four-lobe pat-
tern. As the radius further increases, the intensities of
the two lobes along the directions at α = 0◦, 180◦ pre-
vail over the intensities of the lobes along the directions
at α = 90◦, 270◦ (blue curve). In conclusion we found
that, if either the SH dipole or the SH octupole prevail,
the polarization properties of the SH radiation obtained
by the two sets of R-S parameters are similar. Oth-
erwise, the interference between the two SH multipoles
introduces significant differences. This may provide a fin-
gerprint to evaluate the parameters in the framework of
the R-S model.
D. SH radiation diagrams
Figure 9 shows the angular distribution of the SH radi-
ation generated by gold nanospheres, obtained using the
R-S parameters (a = 1, b = −1, d = 1). The first row
(a,b) is relative to a small sphere (R = 10 nm) and the
second row (c,d) to a large sphere (R = 150 nm). In the
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FIG. 8. SH power per unit solid angle of the ‖ component
collected at right angle from the pump beam (Fig. 2), as
function of the pump polarization angle α, for nanospheres
of size R = 80 nm (green), R = 120 nm (red), R = 140 nm
(black), R = 150 nm(blue) and (a = 1, b = −1, d = 1). The
pump wavelength is λ = 780 nm, all the curves are normalized
to their own maximum.
FIG. 9. SH radiation diagrams for nanospheres of size R =
10 nm (panels a,b), R = 150 nm (panel c, d), obtained
by using (a = 1, b = −1, d = 1). Panels (a, c) are relative
to the pump wavelength λ = 520 nm, and panels (b,d) to
λ = 780 nm. All the intensities are normalized to their own
maximum.
first column (a,c) the pump wavelength is λ = 520 nm,
while in the second column (b,d) λ = 780 nm.
For particles with R = 10 nm, the dipolar and
quadrupolar SH sources dominate the response, in agree-
ment with the Rayleigh limit. In particular, we notice
that the quadrupolar SH source is more important at
λ = 520 nm, while at λ = 780 nm the dipolar mode
fully dominates the response. As the particle radius in-
creases, higher order modes come into play, resulting in
an higher number of secondary lobes. For particles with
R = 150 nm, the octupolar mode dominates the angular
distribution of the SH radiation at λ = 780 nm. More-
over, for each particle size and pump wavelength, the
lobes display a preferential alignment along the polariza-
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FIG. 10. SH radiation diagrams as function of θ angle, at
ϕ = 0◦ (blue) and ϕ = 90◦ (red), for nanospheres of size
R = 10 nm (a), R = 100 nm (b), R = 150 nm (c), and R =
200 nm (d) and (a = 1, b = −1, d = 1). The pump wavelength
is λ = 780 nm, for each panel the curves are normalized to
the maximum of the most intense one.
tion direction of the pump field.
Figure 10 shows the two cuts of the 3D radiation dia-
gram along the xOz, and yOz plane. It is worth noting
that the SH power vanishes in both the forward- and
backward-scattering directions, regardless of R. This se-
lection rule is a direct consequence of the rotational sym-
metry of the sphere around the propagation direction
of the pump. Two lobes, directed orthogonally to the
pump propagation direction, characterize the radiation
diagrams of small particles. As the particle size increases,
the lobes with higher power tend to come closer to the
forward direction, while the lobes in the backward direc-
tion decrease in amplitude. The same trend is observed
if the particle size is fixed and the pump wavelength de-
creases. This behavior has been already observed exper-
imentally for silver nanoparticles in Ref. 34.
IV. CONCLUSIONS
We have developed a full-wave analytical solution for
the second-harmonic generation from metal spherical
particles of arbitrary size. This approach extends the
existing theories, enabling a rigorous treatment of all the
sources of SH radiation, located both on the surface and
in the bulk of the particle. The solution of the problem is
derived in the framework of the Mie theory by expanding
the pump field, the nonlinear polarization sources and the
second-harmonic fields in series of spherical vector wave
functions, and enforcing the boundary conditions at the
sphere surface.
We investigated the SH radiation of gold nanospheres
by using the Rudnick-Stern model for the SH sources.
In particular, we studied the spatial distributions of the
nonlinear polarization sources, which display significant
symmetries due to the spherical geometry. We inves-
tigated the SH cross-section dependence on the pump
wavelength, demonstrating the contribution of SH mul-
tipoles up to the order N = 6, as the particle radius
increases up to ∼ 200 nm. Similarly, we studied the mul-
tipolar origin of the SH radiation diagrams, and showed
significant analogies with experimental works in litera-
ture. Eventually, we investigated the SH radiated power
as function of the pump polarization angle. In particular,
we compared the solutions obtained by using as Rudnick-
Stern parameters both the Sipe’s model values and the
experimental values given in Ref. 27. The behavior of
the SH p- and s- components strongly varies with the
Rudnick-Stern parameters.
The application of the proposed method in combina-
tion with experimental observation, can improve the gen-
eral understanding of nonlinear processes in metals, and
can lead to an accurate evaluation of weights for the dif-
ferent SH sources. The theory of SH scattering can be
easily extended to the multiparticle case. This approach
can also guide the design of novel nanoplasmonic devices
with enhanced SH emission for a wide range of appli-
cations [35], including sensors for probing physical and
chemical properties of material surfaces.
Appendix A: Vector spherical harmonics
The vector spherical harmonics Xmn are [31, 32]:
Xmn (θ, φ) = i
1√
n (n+ 1)
√
2n+ 1
4pi
(n−m)!
(n+m)!
·
[
ipimn (cos θ) θˆ − τmn (cos θ) φˆ
]
eimφ ,
where
pimn (cos θ) =
m
sin θ
Pmn (cos θ)
τmn (cos θ) =
d
dθ
Pmn (cos θ)
,
and Pmn = P
m
n (u) is the associated Legendre function of
the first kind and of degree n and m.
Appendix B: Calculation of
{
p
(ω)
mn, q
(ω)
mn
}
The expansion coefficients in Eq. (10a), for a linearly
polarized plane-wave propagating along the z−axis with
the electric field parallel to the x−axis (Fig. 1a), are:
p(ω)mn = q
(ω)
mn = 0, for |m| 6= 1
p
(ω)
1n = q
(ω)
1n = −p(ω)−1n = q(ω)−1n =
1
2
(−i)n
√
4pi(2n+ 1)
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Appendix C: Calculation of
{
a
(ω)
mn, b
(ω)
mn
}
,
{
c
(ω)
mn, d
(ω)
mn
}
The coefficients
{
a
(ω)
mn, b
(ω)
mn
}
and
{
c
(ω)
mn, d
(ω)
mn
}
are ex-
pressed as
a
(ω)
mn
p
(ω)
mn
=
ζe
ζi(ω)
ψn(x
(ω)
i ) ψ˙n(x
(ω)
e )− ψn(x(ω)e ) ψ˙n(x(ω)i )
ζe
ζi(ω)
ψn(x
(ω)
i ) ξ˙n(x
(ω)
e )− ξn(x(ω)e ) ψ˙n(x(ω)i )
b
(ω)
mn
q
(ω)
mn
=
ψn(x
(ω)
i ) ψ˙n(x
(ω)
e )− ζeζi(ω) ψn(x
(ω)
e ) ψ˙n(x
(ω)
i )
ψn(x
(ω)
i ) ξ˙n(x
(ω)
e )− ζeζi(ω) ξn(x
(ω)
e ) ψ˙n(x
(ω)
i )
c
(ω)
mn
q
(ω)
mn
=
i ki(ω)
ke(ω)
ψn(x
(ω)
i ) ξ˙n(x
(ω)
e )− ζeζi(ω) ξn(x
(ω)
e ) ψ˙n(x
(ω)
i )
d
(ω)
mn
p
(ω)
mn
=
i ki(ω)
ke(ω)
ζe
ζi(ω)
ψn(x
(ω)
i ) ξ˙n(x
(ω)
e )− ξn(x(ω)e ) ψ˙n(x(ω)i )
where x
(ω)
e = k
(ω)
e R, x
(ω)
i = k
(ω)
i and ψn = ψn (ρ) ,
ξn = ξn (ρ) are the Riccati-Bessel functions defined as
ψn(ρ) = ρ jn(ρ), ξn = ρ h
(1)
n (ρ). ζ˙ denotes the first
derivative of ζ = ζ(ρ) with respect to ρ.
Appendix D: Selvedge region
The selvedge region (Fig. 1b) is a layer of infinites-
imal depth δ at the interface metal-vacuum. In this
region there is a volumetric current density J
(2ω)
s⊥ =
i2ω
(
P
(2ω)
s · n/δ
)
n, which is exactly compensated by
the normal component of the displacement current den-
sity, J
(2ω)
s⊥ + i2ωD
(2ω)
⊥ = 0, otherwise there would
be an unbounded magnetic field. Therefore, in the
selvedge region, D
(2ω)
⊥ = −
(
P
(2ω)
s · n/δ
)
n. From the
Faraday-Neumann’s law, applied to the elementary curve
∆l shown in Figure 1b, we have
(
E
(2ω)
i −E(2ω)e
)
|Σ ·
∆l‖ = u2 − u1, where u(α) =
∫
∆l
(α)
⊥
E(2ω) · dl =
(P
(2ω)
s · nˆ)
∣∣∣
Q(α)
and α = 1, 2. By combining these rela-
tions we obtain the equations nˆ×
(
E
(2ω)
i −E(2ω)e
)∣∣∣ Σ =
nˆ×∇S
(
P
(2ω)
s · nˆ
)
/ε′.
Appendix E: Calculation of
{
a
(2ω)
mn , b
(2ω)
mn
}
,
{
c
(2ω)
mn , d
(2ω)
mn
}
The coefficients
{
a
(2ω)
mn , b
(2ω)
mn
}
and
{
c
(2ω)
mn , d
(2ω)
mn
}
are
expressed as:
a(2ω)mn = a
′(2ω)
mn + a
′′(2ω)
mn , b
(2ω)
mn = b
′(2ω)
mn + b
′′(2ω)
mn ,
c(2ω)mn = c
′(2ω)
mn + c
′′(2ω)
mn , d
(2ω)
mn = d
′(2ω)
mn + d
′′(2ω)
mn ,
where with one apex we denote the contribution due to
the tangential surface SH sources and with two apices we
denote the contributions of both the normal surface SH
sources and the γ bulk SH sources. For the contribution
of the tangential surface SH sources we have:
a′
(2ω)
mn
u′(2ω)mn
=
x
(2ω)
e ψ˙n(x
(2ω)
i )
ξn(x
(2ω)
e )ψ˙n(x
(2ω)
i )− ζeζi(2ω)ψn(x
(2ω)
i )ξ˙n(x
(2ω)
e )
b′
(2ω)
mn
v′(2ω)mn
=
x
(2ω)
e ψn(x
(2ω)
i )
ζe
ζi(2ω)
ξn(x
(2ω)
e )ψ˙n(x
(2ω)
i )− ψn(x(2ω)i )ξ˙n(x(2ω)e )
c′
(2ω)
mn
v′(2ω)mn
=
x
(2ω)
i ξn(x
(2ω)
e )
ψn(x
(2ω)
i )ξ˙n(x
(2ω)
e )− ζeζi(2ω)ξn(x
(2ω)
e )ψ˙n(x
(2ω)
i )
d′
(2ω)
mn
u′(2ω)mn
=
x
(2ω)
i ξ˙n(x
(2ω)
e )
ζe
ζi(2ω)
ψn(x
(2ω)
i )ξ˙n(x
(2ω)
e )− ξn(x(2ω)e )ψ˙n(x(2ω)i )
where the coefficients
{
u′
(2ω)
mn , v
′(2ω)
mn
}
are given in
Appendix F, x
(2ω)
e = k
(2ω)
e R, x
(2ω)
i = k
(2ω)
i R,
ψn = ψn (ρ) , ξn = ξn (ρ) are the Riccati-Bessel func-
tions. For the contribution of both the normal surface
SH sources and the γ bulk SH sources we have:
a′′(2ω)mn
u′′(2ω)mn
=
ζe
ζi(2ω)
x
(2ω)
e ψn(x
(2ω)
i )
ζe
ζi(2ω)
ψn(x
(2ω)
i )ξ˙n(x
(2ω)
e )− ξn(x(2ω)e )ψ˙n(x(2ω)i )
b′′
(2ω)
mn = 0
c′′
(2ω)
mn = 0
d′′
(2ω)
mn
u′′(2ω)mn
=
x
(2ω)
i ξn(x
(2ω)
e )
ξn(x
(2ω)
e )ψ˙n(x
(2ω)
i )− ζeζi(2ω)ψn(x
(2ω)
i )ξ˙n(x
(2ω)
e )
where the coefficients
{
u′′
(2ω)
mn , v
′′(2ω)
mn
}
are given in Ap-
pendix F.
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Appendix F: Calculation of
{
u′
(2ω)
mn
, v′
(2ω)
mn
}
,
{
u′′
(2ω)
mn
, v′′
(2ω)
mn
}
The coefficients
{
u′
(2ω)
mn , v
′(2ω)
mn
}
for the surface tangential source can be expressed as:
u′
(2ω)
mn = i2
(
− b
2
)
ζe
ζ0
∞∑
n1
n1∑
m1=−n1
∞∑
n2
n2∑
m2=−n2
A(1)m1n1A
(−1)
m2n2
C(1,0,−1)n1m1n2m2nm +A
(0)
m1n1
A(−1)m2n2C
(1,1,−1)
n1m1n2m2nm
v′
(2ω)
mn = −2
(
− b
2
)
ζe
ζ0
∞∑
n1
n1∑
m1=−n1
∞∑
n2
n2∑
m2=−n2
A(1)m1n1A
(−1)
m2n2
C(0,0,−1)n1m1n2m2nm +A
(0)
m1n1
A(−1)m2n2C
(0,1,−1)
n1m1n2m2nm
where
A(0)mn = jn(ki(ω)r)|r=Rc(ω)mn
A(1)mn = i
1
ki(ω)
(
∂
∂r
+
1
r
)
jn (ki(ω)r)
∣∣∣∣
r=R
d(ω)mn
A(−1)mn = i
√
n(n+ 1)
1
ki(ω)r
jn (ki(ω)r)
∣∣∣∣
r=R
d(ω)mn
C
(0,1,−1)
J1M1J2M2JM
=
√
3
2pi
CJMJ1M1J2M2 ·
√(J1 + 1)(J2)(2J1 − 1)(2J2 − 1)


J1 J1 − 1 1
J2 J2 − 1 1
J J 1

CJ0(J1−1)(0)(J2−1)(0)
−
√
(J1 + 1)(J2 + 1)(2J1 − 1)(2J2 + 3)


J1 J1 − 1 1
J2 J2 + 1 1
J J 1

CJ0(J1−1)(0)(J2+1)(0)
+
√
(J1)(J2)(2J1 + 3)(2J2 − 1)


J1 J1 + 1 1
J2 J2 − 1 1
J J 1

CJ0(J1+1)(0)(J2−1)(0)
−
√
(J1)(J2 + 1)(2J1 + 3)(2J2 + 3)


J1 J1 + 1 1
J2 J2 + 1 1
J J 1

CJ0(J1+1)(0)(J2+1)(0)


C
(1,0,−1)
J1M1J2M2JM
=
√
3
2pi
(2J1 + 1)C
JM
J1M1J2M2
·
√(J2)(2J2 − 1)


J1 J1 1
J2 J2 − 1 1
J J + 1 1

C(J+1)0(J1)(0)(J2−1)(0)
√
J
2J + 1
−
√
(J2 + 1)(2J2 + 3)


J1 J1 1
J2 J2 + 1 1
J J + 1 1

C(J+1)0(J1)(0)(J2+1)(0)
√
J
2J + 1
+
√
(J2)(2J2 − 1)


J1 J1 1
J2 J2 − 1 1
J J − 1 1

C(J−1)0(J1)(0)(J2−1)(0)
√
J + 1
2J + 1
−
√
(J2 + 1)(2J2 + 3)


J1 J1 1
J2 J2 + 1 1
J J − 1 1

C(J−1)0(J1)(0)(J2+1)(0)
√
J + 1
2J + 1


C
(0,0,−1)
J1M1J2M2JM
=
√
3
2pi
(2J1 + 1)C
JM
J1M1J2M2
·
√(J2)(2J2 − 1)


J1 J1 1
J2 J2 − 1 1
J J 1

CJ0(J1)(0)(J2−1)(0) −
√
(J2 + 1)(2J2 + 3)


J1 J1 1
J2 J2 + 1 1
J J 1

CJ0(J1)(0)(J2+1)(0)


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C
(1,1,−1)
J1M1J2M2JM
=
√
3
2pi
CJMJ1M1J2M2 ·
√(J1 + 1)(J2)(2J1 − 1)(2J2 − 1)


J1 J1 − 1 1
J2 J2 − 1 1
J J + 1 1

C(J+1)0(J1−1)(0)(J2−1)(0)
√
J
2J + 1
−
√
(J1 + 1)(J2 + 1)(2J1 − 1)(2J2 + 3)


J1 J1 − 1 1
J2 J2 + 1 1
J J + 1 1

C(J+1)0(J1−1)(0)(J2+1)(0)
√
J
2J + 1
+
√
(J1)(J2)(2J1 + 3)(2J2 − 1)


J1 J1 + 1 1
J2 J2 − 1 1
J J + 1 1

C(J+1)0(J1+1)(0)(J2−1)(0)
√
J
2J + 1
−
√
(J1)(J2 + 1)(2J1 + 3)(2J2 + 3)


J1 J1 + 1 1
J2 J2 + 1 1
J J + 1 1

C(J+1)0(J1+1)(0)(J2+1)(0)
√
J
2J + 1
+
√
(J1 + 1)(J2)(2J1 − 1)(2J2 − 1)


J1 J1 − 1 1
J2 J2 − 1 1
J J − 1 1

C(J−1)0(J1−1)(0)(J2−1)(0)
√
J + 1
2J + 1
−
√
(J1 + 1)(J2 + 1)(2J1 − 1)(2J2 + 3)


J1 J1 − 1 1
J2 J2 + 1 1
J J − 1 1

C(J−1)0(J1−1)(0)(J2+1)(0)
√
J + 1
2J + 1
+
√
(J1)(J2)(2J1 + 3)(2J2 − 1)


J1 J1 + 1 1
J2 J2 − 1 1
J J − 1 1

C(J−1)0(J1+1)(0)(J2−1)(0)
√
J + 1
2J + 1
−
√
(J1)(J2 + 1)(2J1 + 3)(2J2 + 3)


J1 J1 + 1 1
J2 J2 + 1 1
J J − 1 1

C(J−1)0(J1+1)(0)(J2+1)(0)
√
J + 1
2J + 1


where CJMJ1M1J2M2 are the Clebsch-Gordan coefficients [Chapter 8 in Ref. 32], and the quantities in braces are
Wigner 6j and 9j symbols [Chapters 9 and 10 in Ref. 32].
The coefficients
{
u′′
(2ω)
mn , v
′′(2ω)
mn
}
for both the γ bulk and the surface normal polarization source can be expressed
as:
u′′
(2ω)
mn =
(
−a
4
)
i
√
n(n+ 1)
gmn(ki(ω)R)
k0(ω)R
+
(
−d
8
)
ε0
εi(2ω)
i
√
n(n+ 1)
fmn(ki(ω)R) + gmn(ki(ω)R)
k0(ω)R
v′′
(2ω)
mn = 0
where
gmn(ki(ω)R) =
∑
n1m1
∑
n2m2{
A(−1)m1n1A
(−1)
m2n2
[√
n1
2n1 + 1
√
n2
2n2 + 1
Wn1−1,n1,m1,n2−1,n2,m2nm +
√
n1 + 1
2n1 + 1
√
n2 + 1
2n2 + 1
Wn1+1,n1,m1,n2+1,n2,m2nm
]
−A(−1)m1n1A(−1)m2n2
[√
n1
2n1 + 1
√
n2 + 1
2n2 + 1
Wn1−1,n1,m1,n2+1,n2,m2nm +
√
n1 + 1
2n1 + 1
√
n2
2n2 + 1
Wn1+1,n1,m1,n2−1,n2,m2nm
]}
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fmn(ki(ω)R) =
∑
n1,m1
∑
n2,m2{
A(1)m1n1A
(1)
m2n2
[√
n1 + 1
2n1 + 1
√
n2 + 1
2n2 + 1
Wn1−1,n1,m1,n2−1,n2,m2nm +
√
n1
2n1 + 1
√
n2
2n2 + 1
Wn1+1,n1,m1,n2+1,n2,m2nm
]
+A(1)m1n1A
(1)
m2n2
[√
n1 + 1
2n1 + 1
√
n2
2n2 + 1
Wn1−1,n1,m1,n2+1,n2,m2nm +
√
n1
2n1 + 1
√
n2 + 1
2n2 + 1
Wn1+1,n1,m1,n2−1,n2,m2nm
]
+A(0)m1n1A
(0)
m2n2
Wn1,n1,m1,n2,n2,m2nm
+A(1)m1n1A
(0)
m2n2
[√
n1 + 1
2n1 + 1
Wn1−1,n1,m1,n2,n2,m2nm +
√
n1
2n1 + 1
Wn1+1,n1,m1,n2,n2,m2nm
]
+A(0)m1n1A
(1)
m2n2
[√
n2 + 1
2n2 + 1
Wn1,n1,m1,n2−1,n2,m2nm +
√
n2
2n2 + 1
Wn1,n1,m1,n2+1,n2,m2nm
]}
WL1,J1,M1,L2,J2,M2LM = (−1)J2+L1+L
√
(2J1 + 1)(2J2 + 1)(2L1 + 1)(2L2 + 1)
4pi(2L+ 1)
{
L1 L2 L
J2 J1 1
}
CL0L10L20 C
LM
J1M1J2M2
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